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Heat transfer in rapidly moving engines and machines with
lubricants inside has been an active ﬁeld of research. For safe
and consistent working of such machines it is necessary to
study heat transfer in these systems. Several attempts are
reported in this regard after the pioneer work done by Stefan[1]. Two-dimensional MHD squeezing ﬂow between parallel
plates has been examined by Siddiqui et al. [2]. For parallel
disk similar problem has been discussed by Domairy and
Aziz [3]. Both used homotopy perturbation method (HPM)
to determine the solution.
Joneidi et al. [4] studied the mass transfer effect on squeez-
ing ﬂow between parallel disks using homotopy analysis
method (HAM). Most recently, inﬂuence of heat transfer in
the MHD squeezing Flow between parallel disks has been
investigated by Hayat et al. [5]. They used HAM to solve the
resulting nonlinear system of ordinary differential equations.
Motivated by the preceding work here we present heat
transfer analysis for the MHD squeezing ﬂow between parallel
disks. Well known variational iteration method (VIM) [7–11]
has been employed to solve system of highly nonlinear dif-
ferential equations that govern the ﬂow. VIM is a strong
446 S.I. Khan et al.analytical technique and has been employed by several
researchers in recent times to study different type of problems
[12–21]. The main positive features of this technique is its sim-
plicity, selection of initial approximation, compatibility with
the nonlinearity of physical problems of diversiﬁed complex
nature, minimal application of integral operator and rapid
convergence [21].
Numerical solution is also sought to check the validity
of analytical solution. A detailed comparison between
purely analytical solution obtained by VIM and the
numerical solution obtained by employing RK-4 method is
presented. It is evident from this article that the VIM
provides excellent results with less amount of laborious
computational work.
2. Mathematical formulation
MHD ﬂow of a viscous incompressible ﬂuid is taken into
consideration through a system consisting of two parallel inﬁ-
nite disks distance hðtÞ ¼ Hð1 atÞ1=2 apart. Magnetic ﬁeld
proportional to B0ð1 atÞ1=2 is applied normal to the disks.
It is assumed that there is no induced magnetic ﬁeld. Tw
and Th represent the constant temperatures at z ¼ 0 and
z ¼ hðtÞ respectively. Upper disk at z ¼ hðtÞ is moving with
velocity aHð1atÞ
1=2
2
toward or away from the static lower but
permeable disk at z ¼ 0 as shown in Fig. 1. We have
chosen the cylindrical coordinates system ðr;/; zÞ.
Rotational symmetry of the ﬂow ð@=@/ ¼ 0Þ allows us to
take azimuthal component v of the velocity V ¼ ðu; v;wÞ
equal to zero. As a result, the governing equation for
unsteady two-dimensional ﬂow and heat transfer of a viscous
ﬂuid can be written as [6]
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Auxiliary conditions are [5]
u ¼ 0; w ¼ dh
dt
at z ¼ hðtÞ
u ¼ 0; w ¼ w0 at z ¼ 0:
ð5Þ
T ¼ Tw at z ¼ 0
u ¼ Th at z ¼ hðtÞ:
ð6Þ
u and w here are the velocity components in r and z directions
respectively, l is dynamic viscosity, p^ is the pressure and q
is density. Further T denotes temperature, K0 is thermal
conductivity, Cp is speciﬁc heat, v is kinematic viscosity and
w0 is suction/injection velocity.
Using the following transformations [5]
u ¼ ar
2ð1 atÞ f
0ðgÞ; w ¼  aHﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 atp f
0ðgÞ;
BðtÞ ¼ B0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 atp ; g ¼
z
H
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 atp ; h ¼
T Th
Tw  Th ; ð7Þ
into Eqs. (2)–(4) and eliminating pressure terms from the
resulting equations, we obtain
f
0000  S gf000 þ 3f00  2ff000ð Þ M2f00 ¼ 0; ð8Þ
h00 þ S Pr 2fh0  gh0ð Þ  Pr Ec f002 þ 12d2f02  ¼ 0; ð9Þ
with the associated conditions
fð0Þ ¼ A; f0ð0Þ ¼ 0; hð0Þ ¼ 1;
fð1Þ ¼ 1
2
; f0ð1Þ ¼ 0; hð1Þ ¼ 0;
ð10Þ
where S denotes the squeeze number, A is suction/injection
parameter, M is Hartman number, Pr Prandtl number, Ec
modiﬁed Eckert number, and d denotes the dimensionless
length deﬁned as
S ¼ aH
2
2v
; M2 ¼ aB
2
0H
2
v
; Pr ¼ lCp
K0
;
Ec ¼ 1
Cp Tw  Thð Þ
ar
2ð1 atÞ
 2
; d2 ¼ H
2ð1 atÞ
r2
:
ð11Þ
Skin friction coefﬁcient and the Nusselt number are deﬁned in
terms of variables (7) asof the problem.
Figure 2 Effect of A on hðgÞ. Figure 3 Effect of S on hðgÞ.
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1=2
2v
: ð15ÞFigure 4 Effect of A on hðgÞ.
Figure 5 Effect of S on hðgÞ.3. Solution scheme
Using proposed procedure for variational iteration method
(VIM) [7–21] to solve Eq. (8) and (9) with the associated
boundary conditions (10), we have the following iterative
schemes
fnþ1ðgÞ¼ fnðgÞ
Z g
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3!
 f
ð4Þ
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with n ¼ 0; 1; 2; . . .
The ﬁrst two approximant of the solutions are given by
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Similarly for (17) we have
h0ðgÞ ¼ 1þDg; ð21Þ
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6: ð22ÞWe can ﬁnd further approximants of the solutions in a similar
fashion.
4. Results and discussions
Effects of different ﬂow parameters on the velocity and tem-
perature distributions are discussed in this section for both
the suction and injection cases. It is mentionable that after just
the three iterations we obtain a convergent solution. After
checking the results for several iterations we have veriﬁed this
convergence. Therefore to show graphical simulation we use
third order approximants in coming subsections. Discussions
are divided into two subsections; one is for suction case and
the other for injection scenario.
Figure 6 Effect of Pr on hðgÞ.
Figure 7 Effect of Ec on hðgÞ.
Figure 8 Effect of d on hðgÞ.
Figure 9 Effect of A on f0ðgÞ.
Figure 10 Effect of S on f0ðgÞ.
Figure 11 Effect of A on hðgÞ.
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Fig. 2 shows the inﬂuence of porosity parameter A on the
radial and axial velocity. It is clear from Fig. 2(a) that the axial
velocity increases with increasing values of A. Boundary layer
thickness however is a decreasing function of A. Due to the
permeability of upper disk when suction plays a dominant role
it allows the ﬂuid to ﬂow near the walls which results in a thin-
ner boundary layer. Effects of deformation parameter S are
displayed in Fig. 3. S> 0 corresponds to the movement of
upper disk away from the lower static disk while S< 0 stands
for its fall toward the lower disk. It can be seen from Fig. 3that the absolute of f0ðgÞ increases for increasing S in the range
of 0 < g 6 0:4, while an opposite behavior in absolute velocity
is observed for 0:4 < g 6 1.
To exhibit the effects of ﬂow parameters (in suction case)
on the temperature proﬁle Figs. 4–8 are presented. Fig. 4
shows hðgÞ to be an increasing function of A, on the other
hand thermal boundary layer becomes thinner with raising
A. Consequences of increasing S are presented in Fig. 5
according to which temperature proﬁle falls with surging S.
Inﬂuence of Pr number on the temperature distribution is dis-
played in Fig. 6 which declares hðgÞ to be directly variant with
Pr. On the other hand thermal boundary layer is inversely pro-
portional to Pr, it is due to the fact that for higher Pr low
Figure 12 Effect of S on hðgÞ.
Figure 13 Effect of Pr on hðgÞ.
Figure 14 Effect of Ec on hðgÞ.
Figure 15 Effect of d on hðgÞ.
Table 1 Comparison of numerical and VIM solutions for
diverging channel for d ¼ 0:1 , A= 0.1, S= 0.1, M= 0.2,
Pr = 0.3 and Ec= 0.2.
g f0ðgÞ hðgÞ
VIM Numerical VIM Numerical
0 0 0 1 1
0.2 0.384801 0.384801 0.806144 0.806144
0.4 0.575554 0.575554 0.607022 0.607022
0.6 0.575174 0.575174 0.407004 0.407004
0.8 0.384040 0.384040 0.206121 0.206121
1 0 0 0 0
Table 2 Values of skin friction coefﬁcient H
2
r2
RerCfr and the
Nusselt number ð1 atÞ1=2Nu for different values of A, S, and
M.
A S M H2
r2
RerCfr Pr Ec d ð1 atÞ1=2Nu
0.1 0.1 0.2 3.62306 0.3 0.2 0.1 1.1317
0.0 3.01553 1.0906
0.1 2.40948 1.0568
0.2 1.80490 1.0304
0.1 0.01 2.40239 1.0581
0.2 2.41735 1.0553
0.3 2.42522 1.0538
0.1 0.01 2.40789 1.0568
0.1 2.40828 1.0568
0.2 2.40948 1.0568
Table 3 Values of Nusselt number ð1 atÞ1=2Nu for different
values of Pr, Ec, and d when A ¼ 0:1;S ¼ 0:1;M ¼ 0:2.
Pr Ec d ð1 atÞ1=2Nu
0.0 1.00000
0.1 1.01894
0.2 1.03787
0.3 0.0 0.99860
0.2 1.05680
0.4 1.11501
0.3 0.0 1.08487
0.5 1.11074
1.0 1.18836
Heat transfer analysis for squeezing ﬂow between parallel disks 449thermal conductivity is observed which results in narrow ther-
mal boundary layer. Higher values of Prandtl number are
associated with large viscosity oils while lowers Pr corresponds
to low viscosity ﬂuids. Figs. 7 and 8 indicate that Eckert num-
ber Ec and dimensionless length hðgÞ have similar effects on
temperature proﬁle as Pr.
4.2. Injection case ðA < 0Þ
Effects of physical parameters on velocity and temperature dis-
tributions for the case of injection are displayed in Figs. 9–15.
It is observed that on velocity proﬁles, effects of involved
parameters are opposite to the ones discussed earlier for suc-
tion case. Behavior of temperature distribution however
remains invariant for both the suction and injection cases.
450 S.I. Khan et al.Further to support our analytical scheme (VIM) we seek a
numerical solution using fourth order Runge Kutta method.
Table 1 shows a comparison between purely analytical solution
obtained by variational iteration method and numerical solu-
tion found by RK-4 method. It is evident from the table that
both the solutions agree exceptionally well which shows the
effectiveness of proposed analytical technique.
Tables 2 and 3 display the numerical values of Nusselt num-
ber and coefﬁcient of skin friction for different values of ﬂow
parameters. Absolute of skin friction is found to be a decreas-
ing function of permeability parameter A. This observation is
important due to its industrial implication since the amount of
energy required to squeeze the disk can be reduced by increas-
ing values of A. As discussed earlier the suction parameter A
decreases the thermal boundary layer thickness hence at the
plates we have higher rate of heat transfer.
4.3. Conclusions
Heat transfer analysis is taken into account for the squeezing
ﬂow between parallel disks. VIM is used to determine the series
solution to both velocity and temperature distributions. Main
upshots of this study are presented as below:
 It is observed that the series solution for velocity converges
after third iteration and a convergent solution for tempera-
ture proﬁle is obtained just after two iterations.
 Numerical solution obtained by RK-4 method is also com-
patible with the analytical solution obtained by employing
VIM.
 The behavior of all physical parameters is opposite on
velocity proﬁle in the cases of suction and injection. On
the other hand the effect of parameters remains similar on
temperature proﬁle for both suction and injection cases.
 Temperature hðgÞ is directly proportional to the Prandtl
number.
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